The an a lyt i cal so lu tion is de rived for the steady MHD mixed con vec tion, lam i nar, heat and mass trans fer over an iso ther mal, in clined per me able stretch ing sheet, immersed in a uni form po rous me dium in the pres
In tro duc tion
In last few years there has been a great in ter est to in ves ti gate the bound ary layer flows of vis cous flu ids due to a uni formly stretch ing sheet be cause of its tech no log i cal ap pli ca tions im por tance in met al lur gi cal and poly mer sheet ex tru sion from a die. The study of bound ary layer flows over flat sur faces have been am ply in ves ti gated nu mer i cally by some re search ers since Sakiadis [1, 2] who was the first in vented such prob lem. Crane [3] , and Andersson [4] , have been treated the prob lem from dif fer ent as pects. Re cently, a great at ten tion has been directed to in ves ti gate the mixed free-forced con vec tive and mass trans fer bound ary layer MHD fluid flow from an in clined per me able stretch ing plate in a po rous me dium. This prob lem has many in dus trial ap pli ca tions in the re ac tor safety, oil res er voirs, geo ther mal sys tems, energy-stor age units, heat insulation, heat exchangers, dry ing tech nol ogy, cat a lytic re ac tors, and nu clear waste re pos i tory. The mixed free-forced con vec tive and mass trans fer prob lem had been re viewed by Dey et al. [5] , De Hoog et al. [6] , Schnei der [7] , Chamkha, et. al . [8] and Merkin et al. [9] .
The MHD fluid flow from a ver ti cal plate with chem i cal re ac tion has been stud ied by many au thors [10] [11] [12] [13] . The ef fects of ther mal-dif fu sion and dif fu sion-thermo on mixed con vection bound ary layer flows had been con sid ered by Kafoussias et al. [14] . Afify [15] stud ied the in flu ence of tem per a ture-de pend ent vis cos ity with Soret-Dufour ef fects on non-Darcy MHD free con vec tive heat and mass trans fer. Seddeek [16] used the fi nite el e ment method to study the ef fect of var i ous in jec tion pa ram e ters on heat trans fer for a power-law non-New to nian fluid over a stretched sur face with ther mal ra di a tion.
Afify [17] dis cussed the ef fects of vari able vis cos ity on non-Darcy MHD free con vection along a non-iso ther mal ver ti cal sur face in a po rous me dium. Ghaly et al. [18] in ves ti gated the ef fects of chem i cal re ac tion, heat and mass trans fer on lam i nar flow with tem per a ture depend ent vis cos ity us ing fi nite dif fer ence method. The above men tioned stud ies and oth ers were re stricted to the nu mer i cal solution, considering some ef fects while ne glect ing the oth ers. For ex am ple Postelnicu in [19] an a lyzed the ef fect of a mag netic field on heat and mass trans fer by nat u ral con vec tion from ver ti cal sur faces in po rous me dia con sid er ing Soret-Dufour ef fects, and in [20] stud ied the ef fect of chem i cal re ac tion and Soret-Dufour ef fects. Seddeek [21] dis cussed the Soret-Dufour ef fects ef fect on mixed free-forced con vec tive flow and mass trans fer over a stretch ing sur face with a heat source the case of con stant viscosity. The more re cent study by Abd El-Aziz [22] dis cussed the ef fect of Ohmic heat ing by us ing the shoot ing method and in [23] he dis cussed the ef fect of Soret-Dufour ef fect on MHD three-di men sional free con vec tion heat and mass trans fer for a tem per a ture de pend ent vis cos ity fluid with ra di a tion flows over a per me able stretch ing sur face.
In spite of all these in ves ti ga tions re ported in the lit er a tures; no one dis cussed all the ef fects ac tu ally ex ist in the ap pli ca tions. Al though, the an a lyt i cal so lu tions are more eco nom i cal for the in dus trial purposes, all the above in ves ti ga tions are nu mer i cal. This was the mo ti va tion to do the pres ent pa per.
In this pa per the an a lyt i cal so lu tion is pro vided and dis cussed for mixed free-forced con vec tive and mass trans fer prob lem of a vis cous, in com press ible, elec trically con duct ing MHD fluid flow past an in clined perme able stretch ing sur face in a po rous me dium and con sid er ing si mul ta neously the ad di tional ef fects which arise by po ros ity, Hall ef fect, chem i cal re action, heat gen er a tion or absorption due to the chem i cal re ac tion, ther mal-dif fu sion and dif fu sion-thermo, which can not be ne glected in sev eral prac ti cal cases. The re ac tion fea tures of the ob tained so lu tion are an alyzed un der dif fer ent con di tions by vary ing the key pa ram e ters.
Prob lem for mu la tion
Con sider a steady vis cous in com press ible lam i nar three-di men sional mixed free-forced convective bound ary-layer elec tri cally conducting fluid flow with heat and mass trans fer over an in clined per me able stretch ing flat plate em bed ded in a sat u rated po rous me dium in flu enced by chem i cal re ac tion, po ros ity, in ter nal heat gen er a tion/ab sorp tion, Hall ef fect, Soret and Dufour ef fects ( fig. 1 ).
Figure 1. The stretching plate of the problem and coordinates
The prob lem is per formed based on the fol low ing as sump tions: (1) the flow is lam i nar, steady-state and three-di men sional; (2) the sheet is in clined to the ver ti cal, con tin u ously stretching in the x-di rec tion in the plane y = 0 with a ve loc ity u = Ux; (3) the sheet is per me able to al low pos si ble blow ing or suc tion; (4) the po rous me dium is iso tro pic, ho mo ge neous and non-magnetic there fore there is no mag netic in duc tion; (5) the ef fect of com press ibil ity and vis cos ity heat ing are ne glected; (6) the Boussinesq ap prox i ma tion is valid and the bound ary-layer approx i ma tion is ap pli ca ble; (7) the fluid and the po rous me dium are in lo cal ther mo dy namic equilib rium; (8) the fluid is well-mixed sys tems, con sid er ing the chem i cal re ac tions to be first or der; (9) the co or di nate or i gin is lo cated at the sur face of the sheet y = 0; (10) the x-and z-axis are taken par al lel to the sheet and the y-axis is nor mal to it; (11) the mag netic field is uni form and ap plied par al lel to the di rec tion and there is no elec tric field; (12) the ve loc ity com po nents, temper a ture, and con cen tra tion are func tions of x and y vari ables; (13) there is no slip flow at walls; (14) the phys i cal prop er ties of the fluid and po rous me dium are con stant. There fore the gov erning equa tions: -con ti nu ity equa tion
-mo men tum equa tions
-dif fu sion equa tion
sub jected to the bound ary con di tions
The in ter nal heat to gen er a tion/ab sorp tion term q''' is mod eled ac cord ing to the fol lowing equa tion: 
We con sid ered the in ter ac tion be tween dif fu sion of (heat and mass)
, namely the Soret (Sr) and Dufour (D u ) ef fects. The x-axis is taken in the plate whose in cli na tion an gle J is with the hor i zon tal. The z-axis is taken in the plate and par al lel to the ho ri zon. The y-axis is taken nor mal to the plate. The Hall effect as a re sult of ap plied ex ter nal mag netic field trans verse to the plate par al lel to y-axis is consid ered, un der the as sump tion of ne glect ing the in duced mag netic field com pared with the ap -plied field; this is char ac ter ized by a small Reynolds num ber. By us ing the fol low ing dimensionless vari ables: 
and
The gov ern ing eqs. (1)- (5) can be re duced to the fol low ing dimensionless equa tions where eq. (1) is sat is fied iden ti cally:
where the prime de notes the dif fer en ti a tion df/dh. The bound ary con di tions (6) can be re duced to the fol low ing dimensionless form:
The re duced di men sion less sys tem (10)- (14) de scribes the con sid ered bound ary value prob lem. This set of equa tions is cou pled non-lin ear non-ho mo ge neous sys tem of dif fer en tial equa tions. It is not so sim ple to solve by us ing the tra di tional meth ods ei ther an a lyt i cal or nu meri cal which is no ticed for most re al is tic prob lems. This is one of our mo ti va tion by work in this pa per, and our sec ond mo ti va tion is to solve one of the re al is tic prob lem arise in the re ac tors.
An a lytic so lu tion
The homotopy anal y sis method (HAM) in vented by Laio [24] , proved its power to solve sev eral non-lin ear prob lems [25, 26] . To over come the dif fi culty ap pears with the prob lem un der in ves ti ga tion in this pa per re lated to the non-lin ear ity and the non-ho mo ge ne ity of the system of dif fer en tial equa tions and to get a uni formly an a lytic so lu tion for this com pli cated problem we shall use the HAM. By means of the tra di tional homotopy method; us ing pÎ[0, 1] as the homotopy em bed ding pa ram e ter, h is stands for, h f , h H , h Q , and h F as the aux il iary pa ram e ter their val ues which con trol the con ver gence of the se ries can be de ter mined. L stands for L f , L H , L Q , and L F as the aux il iary lin ear op er a tors, and p 0 (h) stands for f 0 (h), H 0 (h), Q 0 (h), and F 0 (h) as an ini tial guess, and p(h) for f(h), H(h), Q(h), and F(h) as a so lu tion, re spec tively, where:
Us ing the rules of so lu tion ex pres sion for the un known func tions: 
where the con stant co ef fi cient, f m k , h m k , q m k , and f m k , have to be de ter mined. The zero-or der de for ma tion equa tion:
For the homotopy map ping the ini tial guess is
stand for the func tions f(h), H(h), Q(h), and F(h)
, respec tively. Fol low ing the known steps of the HAM [24] and as sum ing the Tay lor se ries ex pansion in the power of p:
where
, and F m (h), re spec tively.
There fore " ³ m 1; the m-th or der de for ma tion equa tion reads: 
where 
There fore by eqs. (26), and (29)- (36) we get:
the H-equa tion in the sys tem:
the F-equa tion:
The equa tions (38), (40), (42), and (44) are sub ject to the con di tions: , and f m k can be de ter mined, and as a con se quence the so lu tion of the sys tem of the cou pled non-lin ear non-ho mog e nous dif fer en tial equa tions which de scribed the con sid ered prob lem. We have from the ex pres sions of the ini tial guess func tions as a zero approx i ma tion of the so lu tion that the co ef fi cients: f f h h 00 01 01 02 01 01
There fore the other co ef fi cients in the ex pres sion of the so lu tion can be easyly de termined from the fol low ing re cur rence re la tions: , Sub sti tut ing in eq. (19) one gets the an a lytic so lu tion ex pres sions for the dimensionless ve loc ity com po nents pro files f, and H, also the heat dis tri bu tion Q and mass trans fer F.
Re sults and dis cus sion
The ob tained an a lytic so lu tions (19) - (22) for the ve loc ity com po nents pro files f '(h) and H(h), also the tem per a ture dis tri bu tion Q(h), and the con cen tra tion dis tri bu tion F(h) are plot ted for some spe cific val ues of the pa ram e ters to show the be hav ior of the so lu tion and to depict the ef fect of some pa ram e ters. We have used the Mathematica pack age in our cal cu la tions and to plot the so lu tions up 30-or der ap prox i ma tion. The cho sen value of the aux il iary pa ram eter h = -1 is de ter mined in fig. 2 per a ture-de pend ent co ef fi cient B * > 0. It shows that the so lu tion re spond to the in creas ing in these pa ram e ters by in creas ing for the cases of the ve loc i ties com po nents pro files f '(h), H(h), and on the tem per a ture Q(h), and by de creas ing for the case of con cen tra tion F(h).
Fig ure 5 il lus trates the ef fect of the chem i cal re ac tion pa ram e ter for mass gen er a tion g < 0/de struc tion g > 0. It is seen, that the ve loc i ties f '(h), and H(h) and con cen tra tion F(h) decreases by in creas ing of g, and the tem per a ture Q(h) is re sponds by in creas ing with in creas ing in g.
Fig ure 6 shows the ef fect in ter ac tion of the mag netic pa ram e ter M. The ve loc ity profiles f '(h) and H(h), re spond by de creas ing vs. to the in creas ing in the mag netic pa ram e ter, while the tem per a ture Q(h) and the con cen tra tion F(h) re sponds by in creas ing vs. to the increas ing in the mag netic pa ram e ter. Fig ure 7 shows also that in each group with con stant mag netic pa ram e ter re sponse to the in creas ing of Soret pa ram e ter by in creas ing the ve loc ity pro files f '(h) and H(h), and de creasing both the tem per a ture Q(h) and the con cen tra tion F(h). The op po site re sponse by the ve locity pro files f '(h) and H(h), and the tem per a ture Q(h) and the con cen tra tion F(h); is no ticed for the in creas ing vari a tion in the Dufour pa ram e ter D u . We can use the ob tained an a lytic so lu tion ex pres sions given by (19) to cal cu late f ''(0), H '(0), Q '(0), and F '(0).
There fore one can cal cu late the char ac ter is tic num bers of en gi neer ing in ter est and give a se ries ex pres sion for each as fol low, re spec tively: the Shear stress in the x-di rec tion and in the z-di rec tion are: 
The lo cal skin-fric tion co ef fi cients are:
The lo cal Nusselt num ber is:
where the heat trans fer co ef fi cient is There fore we can find for the first time an an a lytic se ries ex pres sion for the char ac teris tic num bers: skin fric tion co ef fi cients, Nusselt num ber, lo cal Sherwood num ber, stress at the stretch ing sur face, lo cal mass trans fer co ef fi cient, lo cal wall mass flux, lo cal heat trans fer co effi cient, and the lo cal heat flux, due to the ob tained an a lytic so lu tion. The be hav ior of the char acter is tic num bers is plot ted in figs. (8)- (12) . For the sake of com par i son nu mer i cal results have also been com puted just in our an alytic so lu tion for pa ram e ter val ues and listed in tabs. 1 and 2 be side the pre vi ously computed re sults by the oth ers used nu mer i cal solu tions; we re ported agree ment with these results as shown in the ta bles. Ta 
